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Losungen

Rermove["d obal ™ %" ]

xVec[x_, y_1:={X, Y}
mvec = {5, 4}; r = 2;
kreis[rVec_, r_]:=rVec.rVec -r"2;

a) Pol und Polare

pol = {1, 1};
krei s[(xVec[x, y] -nVec), r] =

4+ (-5 +X)%+ (-4+y)? =

Expand[krei s[(xVec[x, y] -nVec), r]] ==
37 -10Xx + X2 -8y +y? =

<< Gaphics InmplicitPlot®

kPl =1nplicitPlot[kreis[(xVec[x, y] -nVec), r] =0, {x, 1, 8}1;

6+

4 5 6 7
pol are[xVec_, mvec_, pol _, r_]1:= (xVec[x, y] -nVec). (pol -nVec) -r"2;

pol are[xVec, nVec, pol, r] =

-4 -4 (-5+X) -3 (-4+y) =



TEM1Alg_0708_02_Loes.nb

Si nplify[pol are[xVec, nVec, pol, r]] ==
28 -4x -3y ==

sol v = Sol ve[{pol are[xVec, nVec, pol, r] ==0, kreis[(xVec[x, y] -nmVec), r] =0}, {X, Y}1

{{xﬁ% (109 -6+/21), ye% (11++21)}, {xﬁ% (109 +6 /21, ye28—5 (11-+/21)}}

solvl=solv//N
{{x >3.26018, y - 4. 98642}, {x »5.45982, y - 2.05358}}

pTl={x, y} /. solvl[[1]]

(3.26018, 4.98642)

pT2 = {x, y} /. solvl[[2]]
{5. 45982, 2. 05358}

pol arePl =1 nplicitPlot [pol are[xVec, nVec, pol, r] =0, {x, 1, 8}7;

8
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Show[kPl , pol arePl, G aphi cs[{Poi nt Si ze[0. 04], Poi nt [pol ], Poi nt [mVec], Point [pT2],
Poi nt [pT1], Line[{pol, nmVec}], Line[{pol, pT1l}], Line[{pol, pT2}13}11;

pTl+t (pT2 -pTl)

{3.26018 + 2. 19964 t, 4.98642 -2.932851}

b) Tangente

tangente[xVec_, nVec_, pT_, r_]:= (xXVec[x, y] -nVec). (pT -nVec) -r"2;
Chop [Expand[pol ar e[xVec, mVec, pTl, r]1] =0

0. 753394 -1.73982x +0.986424y ==

Chop[Expand[pol are[xVec, nVec, pT1, r]1] /. {(X=>1, y>1}] ==

True

Chop [Expand[pol ar e[xVec, mVec, pT2, r1]1] ==

1.48661 + 0. 459818 x - 1. 94642y == 0

Chop [Expand[pol are[xVec, mVec, pT2, r]1]1 /. {x-1, y->1}] =

True

Die Tangential punkte sind identisch mit den Schnittpunkten des Kreises mit der Polaren.
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Show[kPl , pol arePl, G aphi cs[{Poi nt Si ze[0. 04], Poi nt [pol ], Poi nt [mVec], Point [pT2],
Poi nt [pT1], Line[{pol, nmVec}], Line[{pol, pT1l}], Line[{pol, pT2}13}11;

pol +t (pT1l-pol)
{1+2.26018t, 1+3.98642t}
pol +t (pT2 -pol)

{1+4.45982t, 1+1.05358t}

c) Mittelpunktsgerade zum Pol

senkr [v_]:={-Vv[[2]], VI[[1]1};
ger adePol M[xVec_, nVec_, pol _]: = (xVec - nVec). senkr [pol - nVec];
Expand[ger adePol M[xVec [x, y], nVec, pol 1] ==

1+3x-4y =

sol vz = Sol ve [Expand [ger adePol M[xVec [x, y], nVec, pol 1] ==0, {y}] //Flatten

{y»% (1+3X)}L
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yGer [x_]:=y /. solvz;
gerPl =Pl ot [yGer [x], {x, 0, 7}1;

1 2 3 4 5 & 7
Sol ve[{ger adePol M[xVec [x, y], mVWec, pol ] =0, kreis[(xVec[x, y] -nVec), r] =0}, {X, y}]

17 14 33 26
{{X%T' yeT}, {X%?v y%T}}

sol v2 = Sol ve[{ger adePol M[xVec [x, y], mVec, pol ] == 0,
krei s[(xVec[x, y] -nmVec), r] =0}, {X, y}1//N

{{x->3.4, y->2.8}, {x-6.6, y->5.2}}

pl={x, y} /. solv2[[1l]]
{3.4, 2.8}

p2 = {X, y} /. solv2[[2]]
(6.6, 5.2}
Show[kPI, pol arePl, gerPl,

Gr aphi cs[{Poi nt Si ze[0. 04], Poi nt [pol ], Poi nt [nVec], Point [pT2], Point [pT1],
Poi nt [pl], Point [p2], Line[{pol, nmVvec}], Line[{pol, pT1l}], Line[{pol, pT2}1}11;
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pol +t (mVec - pol)

(1+4t, 1+3t)

d) Apollonius

Nor m[p2 - pol ] / Nor m[p1 - pol ]
2.33333

Rati onal i ze[Nor m[p2 - pol 1 /Nor m[pl - pol ]]
7

3

Nor m{pl - pol ] /Nor m[pl - {x, yGer [X]}] == Norm[p2 - pol ] /Norm[p2 - {x, yCGer [X]}]
3. _ 7.
JAbs[2.8+ L (-1-3x)1° +Abs[3.4-x]2  ~JAbs[5.2+ L (-1-3x)]” +Abs[6.6-x]?

sol v3 = Sol ve[ (Nor m[pl - pol ] / Nor m[pl - {x, yGer [X]}])"2 =
(Nor m[p2 - pol ] /7 Nor m[p2 - {x, yGer [X]}])"2, {X}]

({Xx>1.}, {Xx>4.36})}

pol 1 = {x, yGer [x]} /. solv3[[1l]]
1., 1.)

pol 2 = {x, yGer [x]} /. solv3[[2]]

(4.36, 3.52)

Show[kPI, pol arePl, gerPl, G aphics[
{Poi nt Si ze[0. 04], Poi nt [pol ], Poi nt [mVec], Point [pT2], Point [pT1l], Point [pl],
Poi nt [p2], Poi nt [pol 2], Line[{pol, m/ec}], Line[{pol, pT1l}], Line[{pol, pT2}1}11;
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e) Potenzgerade

krei sl = (krei s[(xVec[x, y] -nVec), r] =0)

4+ (-5 +X)%+ (-4+y)? =

krei s2 = (krei s[(xVec[x, y] -pol), 2r] =0)
16+ (-1+x)%2+ (-1+y)? =

potenzl[x_, y_1:=kreis[(xVec[x, y] -nVec), r1;
potenz2[x_, y_1:=kreis[(xVec[x, y]-pol), 2r];
Expand[potenzl1l[x, y]] == potenz2[X, Y]

37 -10Xx +x2 -8y +y2= 16+ (-1 +x)2+ (-1 +y)2

? Reduce

Reduce[expr, vars] reduces the statenment expr by sol ving equations or inequalities for vars
and elimnating quantifiers. Reduce[expr, vars, dom] does the reduction over
the domai n dom Conmon choi ces of domare Reals, Integers and Conpl exes. Mehr...

Reduce [Expand[potenzl[x, y]] == potenz2[x, Y], {X, Y}]
17 4x

T2 3

sol v4 = Sol ve[Reduce [Expand[pot enz1[x, y]] ==potenz2[x, Y1, {X, Y}, {y}] // Flatten
1
{y»g (51-8x) }

potenzGer [x_]:=Yy /. solv4d

pot enzGer [X]

% (51 - 8 x)



TEM1Alg_0708_02_Loes.nb

f) Schnittpunkte Potenzgerade mit Kreisen

kPl 2 = I nplicitPl ot [kreis2, {x, -6, 8}];

pl Pot Ger = Pl ot [pot enzGer [x], {x, O, 8}1;

8t
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Show[kPI 2, pl Pot Ger, kPl 1;

Die Potenzgerade geht durch die Schnittpunkte der beiden Kreise.

sol vll = Sol ve[{y == pot enzCer [x], kreisl}, {X, y}]

{{x%% (66 - /231, y%% (161 +4+/231)},

3 1
55 T (161-4~/231)}}

{X% (66+\/m),ye

N[%]
{{x —>3.04808, y - 4.43589}, {x -4.87192, y »2.00411}}

sS1={x, y} /. solv11l[[1l]];
sS2 = {X, y} /. solv11l[[2]];
{sS1, sS2} // N

{{3.04808, 4.43589}, {4.87192, 2.00411}}



TEM1Alg_0708_02_Loes.nb

Show[kPI 2, pl Pot Ger, kPl , G aphi cs[{Poi nt Si ze[0. 03], Poi nt [sS1], Point [sS2]}11;

Rermove["d obal ™ %" ]

B={{1, 1}, {3, 2}}; B// MatrixForm
1 1

3 2]

nD={{1, 0}, {0, 2}}; nD// MatrixForm

o 2]

nD10 = {{1710, 0}, {0, 2710}}; nD10 // Matri xForm
1 0
(0 1024)

mDM10 // Matri xForm

1 0
(O 1024)

a={1, 2}; b={1, 3}

Bl = I nverse[B];

Bl // Matri xForm
-2 1

(5" 1
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A =B.nD. | nverse[B];
A// Matri xForm

(& 1)

A2 = A A, A2 // Matri xForm

10 -3
(18 —5)

Al10 = B. (nD"10). I nverse[B];
A10 // Matri xForm

3070 -1023
(6138 -2045

Det [A]

Det [nD]

A a

{2, 4}

A b

{1, 33

A (xa+ub) //Sinplify

{2X+pu, 4x+3u}
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fl aechenProdukt [a_, b_]:=Det [{a, b}];
f 1 aechenPr odukt [a, b]

1

fl aechenProdukt [xa, ub]

A

fl aechenProdukt [xa, ub] /fl aechenProdukt [a, b]

A

Rermove["d obal ™ " ]

QA= {0, 0},
OB = {10, 0};
C= {3, 8};

Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [CA], Poi nt [OB],
Poi nt [OC], Line[{CA, OB, OCC, OA}]}]1, AspectRati o - Automatic];
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a) Hohenschnittpunkt

AB = OB - OA;
BC= OC- OB;
CA=Q0A-CC

BA=-AB;, CB=-BC, AC=-CA;
normal V[x_1:={-X[[2]11, X[[111};

nAB = nor nal V[AB];
nBC = nor mal V[BC];
nCA = nor nal V[CA];

hC[t _]:=0C+t nAB;
hB[s_]:=0B+s nCA;
sol v3 = Sol ve[hC[t ] == hB[s], {t, s}] // Flatten
43 7}

S - -5

{t%—%, 8

schnittH=hC[t] /. solv3

21

{3, 5

N[ %

(3., 2.625)

Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [QA],
Poi nt [OB], Poi nt [OC], Poi nt [schnittH], Line[{OQA, OB, CC, QA}],
Line[{QA, schnittH+ (schnittH-0A)}], Line[{OB, schnittH+0.5 (schnittH-0B)}]1,
Li ne[{CC, schnittH+0.5 (schnittH-CC)}]1}], AspectRatio- Automatic];
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b) Schwerlinienschnittpunkt

sC[t_1:=0A+1/2AB+t (OC- (A+1/2AB));
SB[s_1:=0C+1/2CA+s (B- (CC+1/2CA));
sol ve31 = Sol ve[sC[t] ==sB[s], {t, s}] //Flatten

{t%%, Se%}

schnittS=sC[t] /. sol ve3l

13 8
i3 3!
N[%]

{4. 33333, 2. 66667}

Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [CA], Poi nt [OB], Poi nt [CC],
Poi nt [schnittS], Line[{OA, OB, OC, CA}], Line[{CA+1/2AB, CC}],
Line[{OB+1/2BC, QA}], Line[{OC+1/2CA OB}1}], AspectRatio- Autonatic];

c1l) Umkreismittelpunkt

uCit _1:=0A+1/2AB+t nAB;
uB[s_]1:=0C+1/2CA+snCA
sol ve32 = Sol ve[uC[t ] ==uB[s], {t, s}] // Flatten

43 (7
60" S~ 16/

{t -
N[%
{t - 0.26875, s »0.4375)

schnittU= (uC[t] /. solve32) // Sinplify

(5, 12)
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N[%

{5., 2.6875}

Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [CA], Poi nt [OB], Poi nt [CC],
Poi nt [schnittU], Line[{QA, OB, OC, QA}], Line[{OA+1/2AB, schnittU}],
Line[{OB+1/2BC, schnittUy], Line[{OC+1/2CA, schnittU}], Circle[schnittU,
Sqrt [(schnittU-QA). (schnittU-0A)]11}], AspectRatio- Automatic];

d) Lineare Abhangigkeit

Show[ G aphi cs[{Poi nt Si ze[0. 03], Poi nt [QA], Poi nt [OB], Poi nt [OC],
Poi nt [schni tt U], Point [schnittH], Point [schnittS], Line[{OA, OB, CC, QA}],
Line[{schnittU, schnittH schnittS}]}], AspectRati o-» Automatic];

Sol ve[schnittS-schnittH==2x (schnittU-schnittS), {a}]

{{r-2}}
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Sol ve[schnittS-schnittH==AX (schnittU-schnittH), {A}]
2

{{r-3H

Linear abhangig

e) Verhaltnis

Sol ve[schnittH-schnittU==2X (schnittS-schnittU), {A}]

{{r->3}}

cl) Inkreismittelpunkt

nC[t_1:=0C+t (CA/Norm[CA] + CB/ Nor m[CB]);
nmMB[s_]1:=0B+s (BA/Norm[BA] + BC/ Nor m[BC]);
sol ve33 = Sol ve[nC[t ] == nB[s], {t, s}] //Flatten

t - 8249 . 1130/73 |
113+/73 +73+/113 +10+/8249 ' 113+/73 +73+/113 + 10 +/8249

N[%
{t »3.11317, s > 3. 64369}
schnittl = (mC[t] /. solve33) //Sinplify

{ 10+/113 (73+3+/73) 80 /8249 |
11373 +73 \/113 +10+/8249 = 113+/73 +73 /113 +10+/8249

N[%

{3. 95693, 2.74215}

Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [CA], Poi nt [OB], Poi nt [CC],
Poi nt [schnittl], Line[{CA, OB, OC, QA}], Line[{OA, schnittl}],

Line[{OB, schnittl}], Line[{CC, schnittl}]}], AspectRati o -» Automatic];




TEM1Alg_0708_02_Loes.nb

f) Der Ausdruck h

a=0A-schnitty
b=0B-schnitty
c=0C-schnittly

h=a+b+c

1
(2 )
N[

{-2., -0.0625}

s3=h/3

2 1
-3 -4
N[%

{-0. 666667, -0.0208333}

(schnittH+schnittS) /2

11 127
{5 %8

(schnittH+schnittS) /2 ==schnittS+s3

True

g) Der Umkreis vom Dreieck SaSbSc

Sc=0A+1/2AB;
Sh=0A+1/2AC
Sa=0C+1/2CB;

uSct_]1:=Sb+1/2 (Sa-Sh) +t normal V[Sa - Sb];
uSa[s ]:=Sc+1/2 (Sb-Sc) +snormal V[Sb -Sc];
sol ve35 = Sol ve[uSc [t ] ==uSa[s], {t, s}] // Flatten

43 3
{t > 160 S%—E}

N[%
(t > -0.26875, s -0.1875}
schnittSU= (uSc[t] /. solve35) //Sinmplify

(a, )

N[%

(4., 2.65625)



TEM1Alg_0708_02_Loes.nb

shl = Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [OA], Poi nt [OB],
Poi nt [OC], Point [Sa], Point [Sb], Point [Sc], Line[{Sa, Sb, Sc, Sa}],
Poi nt [schnittSU], Line[{QA, OB, CC, QA}],
Line[{Sa+1/2 (Sb-Sa), schnittSU}], Line[{Sb+1/2 (Sc -Sb), schnittSU}],
Line[{Sc+1/2 (Sa-Sc), schnittSU}], Circle[schnittSU,
Sqgrt [(schnittSU-Sa). (schnittSU-Sa)]]}], AspectRati o- Automatic];

rSU=Sqrt [(schnittSU-Sa). (schnittSU- Sa)]

/8249
32

N[%

2. 83825

h) Der Umkreis vom Dreieck HaHbHc

hC[t _]:=0C+t nAB; seiteC[s_]:=0A+s AB;
sol v36 = Sol ve[hC[t ] ==seiteC[s], {t, s}] // Flatten;
Hc = seiteC[s] /. sol v36

{3, 0}
hB[t _]1:=0B+t nCA; seiteB[s_]:=0A+s AC

sol v37 = Sol ve[hB[t ] ==seiteB[s], {t, s}] //Flatten;
Hb = sei teB[s] /. sol v37

90 240
{73 737J
N[%

{1. 23288, 3.28767}

hA[t _1:=0A+t nBC, seiteA[s_]:=0B+s BC
sol v38 = Sol ve[hA[t ] == sei teA[s], {t, s}] //Flatten;
Ha = sei t eA[s] /. sol v38

640 560
{113+ 113!
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UHc[t ]1:=Hb+1/2 (Ha-Hb) +t normal V[Ha - Hb];
uHa[s ]:=Hc+1/2 (Ho-Hc) +s normal V[Ho - Hc];
sol ve39 = Sol ve[uHc [t ] ==uHa[s], {t, s}] // Flatten

t 4551 55
{t~-13765" 5~ 96/

N[%

{t - -0.330741, s - -0.572917}

schnittHU= (uHc[t] /. solve39) //Sinmplify

(4, 2

N[%

(4., 2.65625)

sh2 = Show[G aphi cs[{Poi nt Si ze[0. 03], Poi nt [OA], Poi nt [OB],
Poi nt [OC], Poi nt [Ha], Poi nt [Hb], Point [Hc], Line[{Ha, Hb, Hc, Ha}],
Poi nt [schnitt HU], Line[{OQA, OB, OC, QA}],
Line[{Ha+1/2 (Hb-Ha), schnittHU}], Line[{Hb+1/2 (Hc -Hb), schnittHU}],
Line[{Hc +1/2 (Ha-Hc), schnittHU}], Circle[schnittHU,
Sgrt [(schnittHU-Ha). (schnittHU-Ha)]]}], AspectRati o- Automatic];
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Show[shl, sh2];

rHU=Sqrt [(schnittHU-Ha). (schnitt HU-Ha)]

/8249
32

N[%
2.83825
rHU==r SU

True

schnittHU==schnittSU

True

Gefunden ist derselbe Kreis. Dieser Kreis heisst Feuer bachkreis.
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i) Lineare Abhangigkeit

Show[ G aphi cs[{Poi nt Si ze[0. 03], Poi nt [QA], Poi nt [OB], Poi nt [OC], Poi nt [schnittU],
Poi nt [schni tt H], Point [schnittS], Point [schnittHU], Line[{OA, OB, OC, OQA}],
Line[{schnittU, schnittH schnittS}]}], AspectRati o- Automatic];

Sol ve[schnittU-schnittH=2X (schnittU-schnittHU), {1}]

{{r-2}}

Linear abhangig

j) Das Verhaltnis

verhael tnis = Norm[schnittH-schnittU] /Norm[schnitt HU-schnitt U]

2

Renmove["d obal ™ " ]

QA= {0, 0, 1};
OB = {10, 0, 1};
oC= {3, 8, 3};
D= {1, 2, 8};

volunen=1/6 Abs[Det [{OA-OD, OB-0OD, CC-0D}11]

260
3
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N[%]

86. 6667

grundf | G= Nor m[Cross[OA-0OC, OB-0C]]/2
10 /17

N[%

41. 2311

hD = 3 vol umen / grundf | G
26

N1T

N[%

6. 30593

b
hit _1:=0D+t Cross[OA-CC, OB-COCy;
h[t]
(1, 2-20t, 8+80t)
fGIA, u_ ]:=0C+x (OA-CC) +u (OB-CC);
fG[A, u]
{3-3A+7u, 8-8x-8pu, 3-2x1-2u}
solv4d =Sol velh[t] ==fG[A, u], {t, A, u}] // Flatten
PO B .} S <
170" 340 "7 7340
HD=h[t] /. solv4d
60 32
L7 17!
N[%
{1., 3.52941, 1.88235}
C

ODneu = CC+ (OD - HD)

110 155
S vt val

N[%

{3., 6.47059, 9.11765}



